Context. The growth process of dust particles in protoplanetary disks can be modeled via numerical dust coagulation codes. In this approach, physical effects that dominate the dust growth process often must be implemented in a parameterized form. Due to a lack of these parameterizations, existing studies of dust coagulation have ignored the effects a hydrodynamical gas flow can have on grain growth, even though it is often argued that the flow could significantly contribute either positively or negatively to the growth process. Aims. We intend to qualitatively describe the factors affecting small particle sweep-up under hydrodynamical effects, followed by a quantification of these effects on the growth of dust particles, such that they can be parameterized and implemented in a dust coagulation code. Methods. Using a simple model for the flow, we numerically integrate the trajectories of small dust particles in disk gas around a proto-planetesimal, sampling a large parameter space in proto-planetesimal radii, headwind velocities, and dust stopping times. Results. The gas flow deflects most particles away from the proto-planetesimal, such that its effective collisional cross section, and therefore the mass accretion rate, is reduced. The gas flow however also reduces the impact velocity of small dust particles onto a proto-planetesimal. This can be beneficial for its growth, since large impact velocities are known to lead to erosion. We also demonstrate why such a gas flow does not return collisional debris to the surface of a proto-planetesimal. Conclusions. We predict that a laminar hydrodynamical flow around a proto-planetesimal will have a significant effect on its growth. However, we cannot easily predict which result, the reduction of the impact velocity or the sweep-up cross section, will be more important. Therefore, we provide parameterizations ready for implementation into a dust coagulation code.
In the classical incremental growth scenario, planetesimals are formed by the coagulation of dust across several orders of magnitude in mass. During this growth phase, many different physical processes are important, but not all are beneficial. Indeed, several barriers have been found that stop dust particles from growing to sizes where gravity can aid in coagulation. For example, the charge barrier (Okuzumi et al. 2009 ), the radial drift and fragmentation barriers (Nakagawa et al. 1986; Weidenschilling et al. 1997; Brauer et al. 2008; Birnstiel et al. 2010) , or the bouncing barrier Windmark et al. 2012b) .
In order to overcome these barriers, it is important to examine what effects neglected physical processes might have. One such effect is the hydrodynamical flow of disk gas around larger dust particles such as pebbles or small planetesimals, to which we will collectively refer to as proto-planetesimals. In this paper, we focus on the question of whether such a flow pattern is beneficial for the growth of protoplanetary dust. Although this question has already been partially addressed in Sekiya & Takeda (2003, hereafter ST03) , a quantification of these effects over a large parameter space such that the results can be implemented in a numerical dust growth code still lacks in the literature.
Whether colliding dust particles stick to each other and grow, bounce off each other, or disrupt one or both of the collision partners depends on a series of parameters, out of which the impact velocity is one of the most important. Experimental work has Member of IMPRS for Astronomy & Cosmic Physics at the University of Heidelberg shown (for a summary, see Blum & Wurm 2008; Güttler et al. 2010 ) that particles preferentially stick to each other if they collide at low velocities (Wurm & Blum 1998) , and bounce off or disrupt at high collision velocities (e.g. Wurm et al. 2005; Kothe et al. 2013) . It was also found that larger dust aggregates are eroded due to high velocity impacts of dust monomers, a process that has become known as monomeric erosion (Schräpler & Blum 2011) . Many of these experimental findings are included in the numerical simulations that model dust growth in protoplanetary disks (e.g. Weidenschilling 1997; Ormel & Cuzzi 2007; Brauer et al. 2008; Birnstiel et al. 2010; Zsom et al. 2010; Okuzumi et al. 2012) . Numerical studies also show that the growth of dust does not always proceed by a hierarchical coagulation of equal sized particles, but instead that collisions between particles of large size ratios can lead to the formation of planetesimals (Xie et al. 2010; Windmark et al. 2012a) . In this scenario, proto-planetesimals can grow by sweeping up a secondary population of particles kept small by the collisional growth barriers.
To date, collision velocities in dust growth codes have been calculated from Brownian motion, radial and azimuthal drift, vertical settling, and turbulence induced motions of the dust particles. The collisional cross section of the particles is furthermore assumed to be equal to the geometrical cross section. This neglects potential effects of hydrodynamical gas flow past dust particles on the growth process. It is however expected that these effects can be quite important for collisions between particles of a large size ratio, i.e., in a sweep-up growth scenario. GeometArticle number, page 1 of 9 arXiv:1311.3498v2 [astro-ph.EP] 18 Nov 2013 rical cross sections are only applicable if the trajectories of the colliding particles follow straight lines. This is not necessarily the case for a small dust particle passing near a large protoplanetesimal surrounded by a hydrodynamical flow pattern: The drag of the gas flow around the proto-planetesimal can deflect the small dust particle, resulting in a curved trajectory. In the most extreme case, this deflection can prevent a collision, preventing the sweep-up of the dust particle. The collisional cross section must therefore be modified to take into account this deflection.
The drag force of the gas flow on a small particle can also affect its speed. This then modifies the collision velocity between the dust particle and proto-planetesimal, which is decisive for determining whether a collision leads to sticking, bouncing, or erosion.
In protoplanetary disks, we expect hydrodynamical flow patterns to form around dust particles much larger than the mean free path of the gas because the gas orbits at sub-Keplerian speed while the dust orbits at Keplerian speed. This gives rise to a relative motion between disk gas and dust, appearing in the rest frame of the dust as a headwind. In this work, we aim to use numerical simulations to study the effect that such a flow pattern will have on the dust coagulation.
We assume that our proto-planetesimals are small enough so that gravity is negligible, and constraints on this assumption are presented below. For studies which include the gravity of larger planetesimals, see, for e.g., Lambrechts & Johansen (2012) ; Morbidelli & Nesvorny (2012); Ormel (2013) . This paper is organized as follows: In Sect. 1, we present our assumptions and general properties of the flow pattern around a proto-planetesimal. In Sect. 2, we describe the changes to the collisional cross section and the impact velocity which we observe from integrating trajectories of small dust particles in the flow around a proto-planetesimal. In Sect. 3, we turn to the question of whether gas flow around proto-planetesimals can return debris from a disruptive collision to the proto-planetesimal surface. In Sect. 4, we summarize our results.
Validity range of the model
In the limit of high viscosity (i.e. small Reynolds numbers), the steady-state (∂/∂t = 0) velocity field v g of a gas flow around a sphere of radius R in spherical polar coordinates can be derived from the Navier-Stokes equations (Greiner & Stock 1991 ; originally due to Stokes):
where v ∞ (θ) = v ∞ cos θr − sin θθ is the upstream velocity, v ∞ is the headwind velocity and constant, and r s denotes the radial distance measured from the center of the sphere. As r s → ∞, v g reduces to −v ∞ . Eq. (1) describes the flow around a spherical proto-planetesimal if a) the proto-planetesimal radius R is much larger than the mean free path λ in the disk, b) the flow is incompressible, c) laminar and unseparated, d) the gravity of the proto-planetesimal is negligible, and e) the proto-planetesimal does not rotate.
In the following, we assume (e) to be true and calculate when (a) -(d) are valid for a protoplanetary disk in both the minimum mass solar nebula model (MMSN) (Weidenschilling 1977b; Hayashi et al. 1985) and the model of Desch (2007) . Although the two models provide similar constraints, we quote the results for both.
Assumption a) Hydrodynamics is suitable to describe the macroscopic properties of a flow around a proto-planetesimal if R 100λ. The mean free path λ is related to the number density n of gas molecules by λ = 1/(nσ g ), where σ g is the collisional cross section of the gas molecules. For n, we use the number density n 0 at the mid-plane of a protoplanetary disk, which is related to the surface density Σ(r) by:
with the disk scale height h = c s /Ω K , and average molecular mass µm p , where m p is the mass of a proton, c s = k B T (r)/µm p is the isothermal sound speed, k B is the Boltzmann constant, and Ω K is the Keplerian angular frequency. For the disk model, we assume µ = 2.3 and σ g = 2 · 10 −19 m 2 (ST03) for the collisional cross section of Hydrogen, and a stellar mass of 1 M . We adopt the disk temperature profile of Alexander et al. (2004) , which is consistent with observations:
where r is the heliocentric distance, expressed in astronomical units. The gas surface densities for the Desch (2007) and MMSN (Hayashi et al. 1985 ) models are, respectively:
Substituting the surface densities into Eq. (2), the minimal radius R min = 100λ that a proto-planetesimal must have for assumption (a) to hold is then:
R min,MMSN (r) = 8 · 10 −1 (r/1 AU) 2.75 m,
which increases with heliocentric distance for both disk models.
Assumption b)
Incompressibility approximately holds true for small Mach numbers, M 0.1. From the temperature profile (3), the isothermal sound speed can be written as:
The headwind velocity v ∞ = v K − v g originates from the subKeplerian rotation of the disk gas, and can be written as v ∞ = ηv K with (ST03):
where P is the gas pressure as given by the ideal gas law. Substituting the surface density profiles Eqs. (4) & (5), and the temperature profile Eq. (3) into the expression for η, we find the headwind velocity for the Desch and MMSN models to be
and independent of heliocentric distance. From Eq. (8), the Mach number of a gas flow around a protoplanetesimal is thus on the order of 10 −2 to 10 −1 in both models for reasonable values of r, and assumption (b) is valid.
Assumption c) To determine whether the flow around a protoplanetesimal can be described as laminar, we first estimate the molecular viscosity of gas in a protoplanetary disk, which can be determined from:
Using Eq. (8), the mean thermal speed of the disk gas is given bȳ u th (r) = √ 8/π c s (r). The mean free path can be calculated from Eq. (2), and thus we have, ν Desch (r) = 0.13 (r/1 AU) 3.17 m 2 s −1 ;
ν MMSN (r) = 3.6 (r/1 AU) 2.5 m 2 s −1 .
Based on experimental results, viscous hydrodynamic flow past a sphere will remain perfectly laminar and unseparated if the Reynolds number of the flow is Re crit 22 (e.g. Taneda 1956 ), where the Reynolds number of flow around a spherical protoplanetesimal is given by:
Other than the proto-planetesimal radius, all variables in Eq. (15) are now fixed by the choice of disk model. The statement that a flow will remain perfectly laminar below Re crit ≈ 22 can then be used to solve for the maximal radius of a proto-planetesimal:
Laminarity therefore holds if the proto-planetesimal radius does not exceed R crit (r).
Assumption d)
We assume that the gravity of the protoplanetesimal is negligible if the drag force due to the friction of the fluid, F D , is at least F D > 10 2 F G , where F G is the gravitational force of the proto-planetesimal.
The drag force can be written as F D = mv/t s where m, v, and t s are a dust particle's mass, speed, and stopping time. The largest stopping time that leads to a deflection in the flow pattern is approximately equal to the time t p that a particle needs to be advected by the gas flow through the perturbed region around the proto-planetesimal. This timescale is thus t p ≈ L/v ∞ , where L is roughly the extent of the perturbed region. At a distance of r s = 100 R, the flow pattern Eq. (1) virtually equals the upstream velocity v ∞ . We therefore set the extent of the perturbed region to L = 100 R and thus F D = mv 2 ∞ /100 R. We evaluate the gravitational force at the surface of the proto-planetesimal by assuming early proto-planetesimals have a volume filling factor of 0.6 (Geretshauser et al. 2011) . We also assume that early proto-planetesimals consist of the same material as asteroids, which have typical densities of 3 · 10 3 kg m −3 (Carry 2012) . From this, we estimate the density of the protoplanetesimal to be ρ p = 0.6 × 3 · 10 3 kg m −3 . The statement F D > 10 2 F G then becomes:
where G is the gravitational constant. The maximally allowed proto-planetesimal radius before the gravitational force on the dust particles becomes comparable to the drag force is then
Note also that the gravity of a proto-planetesimal with R R grav does not affect the disk gas because the escape velocity from its surface is much smaller than the local thermal speed of the gas molecules.
In assumption (a), we found that the minimally required radius of a proto-planetesimal which induces a hydrodynamical flow grows with heliocentric distance. There must consequently be a distance when the radius exceeds the above specified R grav . Setting R min = R grav in Eqs. (6) & (7), this occurs at
for the Desch and MMSN models, respectively. Beyond these heliocentric distances, a proto-planetesimal cannot fulfill both prerequisites of being large enough to induce a hydrodynamical flow and small enough for gravity to be negligible, and our model is no longer valid.
Hydrodynamical effects on collisions between proto-planetesimals and dust grains
In order to investigate the change of the effective sweep-up cross section σ eff and the impact velocity v imp due to the drag in a hydrodynamical flow pattern, we calculate the trajectories of dust particles from the equation of motion,
where the dot denotes a time derivative, v is the dust particle's velocity, v g is the velocity of the gas flow (Eq. 1), t s = |p|/F D is the stopping time of the dust particle, and |p| = m|v| is the dust particle momentum. For example, in the Epstein regime, when the particle radius a < 9λ/4, the stopping time is given by t s,Ep = ρ p a/ρ gūth . This quantity can be regarded as a particle property parameterizing the effects which contribute to the drag of this particle in a specified medium. Hence, the following work can be applied to real protoplanetary disks if stopping times of dust particles are known. Theoretical stopping times for particles in different drag regimes are summarized in Weidenschilling (1977a).
Qualitative aspects of the flow pattern and sweep-up cross section
Far upstream and downstream of a spherical proto-planetesimal, the streamlines of the chosen flow pattern Eq. (1) are parallel. Meanwhile, near the proto-planetesimal, the stream lines diverge upstream and converge again downstream, creating a flow pattern that is rotationally symmetric about the flow axis. If dust particles approach the proto-planetesimal in this flow pattern from all directions -which could be possible if they are stirred up by nearby turbulent eddies and acquire randomly orientated velocities, or if the headwind velocity is modified by a largescale turbulent eddy -then they should experience the following scenarios, all of which are depicted in Fig. 1: arrow a) Dust particles that approach the proto-planetesimal from upstream and parallel to the flow axis will be deflected away from the proto-planetesimal due to the diverging flow pattern. In particular, particles with a large impact parameter that would collide with the proto-planetesimal in the absence of the flow pattern can be deflected such that they pass over the rim of the proto-planetesimal and miss it. The collisional cross section of the proto-planetesimal is then reduced relative to its geometrical cross section. Furthermore, the magnitude of the deflection will depend on the dust particle stopping time: The larger the stopping time, the smaller the deflection. Lastly, due to the rotational symmetry of the flow pattern, the collisional cross section will be circular. arrow b) Particles that approach the proto-planetesimal from downstream and parallel to the flow axis do so under a converging gas flow. Even particles that lie outside the geometrical cross section of the proto-planetesimal can then be pushed onto a collision course by the gas flow. A collision, however, only occurs if the particles have sufficient inertia such that the gas flow cannot reverse their direction of motion (i.e. a large stopping time). For particles that approach from downstream and collide with the proto-planetesimal, the collisional cross section must then be larger than the geometrical cross section, but will remain circular due to rotational symmetry. arrow c) Particles that approach the proto-planetesimal at an angle θ to the flow axis experience the flow pattern as a cross wind. Particles not initially on a collision course can be deflected such that they now collide with the proto-planetesimal. In this scenario, the cross wind introduces an additional dependence on |sin θ| to the collisional cross section. For a spherical protoplanetesimal, this causes a small stretching of the collisional cross section in the upstream direction, resulting in a top-down symmetric oval. The slight breaking of left-right symmetry occurs because the flow pattern also depends on θ (Eq. 1). arrow d) In contrast, particles that approach the protoplanetesimal under an angle to the flow axis, but that were originally on a collision course, can be deflected such that they now miss the proto-planetesimal.
To test for the above qualitative features of the dust trajectories, we ran a set of example simulations (see Sect. 2.2), and found that all cases occur as described. The reduction of the protoplanetesimal collisional cross section for particles that approach from upstream (arrow (a) in Fig. 1 ) was found to be the most significant, while the enhancement (or distortion) of the cross section for particles that approach from downstream (or under an angle) is effectively negligible. We expect particles that approach from upstream to be the most frequently occurring situation in a sweep-up scenario, and thus in the following we focus only on the case of upstream particles travelling parallel to the flow axis.
Description of simulations and initial conditions
In total, we performed 16000 simulations that numerically integrate Eq. (22) for the trajectories of dust particles in the flow pattern around a proto-planetesimal using a 4 th -order Runge-Kutta based, backwards Euler method with adaptive stepping. Each simulation uses a different combination of proto-planetesimal radii, headwind velocities, and particle stopping times, constrained in Sect. 1 and summarized in Table 1 .
The calculation of the headwind velocity v ∞ in Sect. 1 only accounts for the sub-Keplerian gas velocity as the origin of a relative motion between disk gas and proto-planetesimals. The total headwind velocity should also include, for example, disk turbulence, and for the sake of generality we vary the headwind velocities between v ∞ ∈ [15, 60] m s −1 (c.f. the headwind velocities calculated in Weidenschilling 1977a).
In our simulations of particle trajectories, we assume the particles are initially at rest with respect to the gas, and thus we set the initial velocity of the dust particles equal to the headwind velocity. Although dust particles that react significantly to the disturbed gas flow around the proto-planetesimal consequently must have a relatively small stopping time, and are thus essentially comoving with the gas, only dust particles with t s = 0 will always remain perfectly at rest with respect to the gas.
The dust particles start at a distance H · R upstream from the proto-planetesimal, where the parameter 1 < H ≤ 150 is a multiple of the proto-planetesimal radius. The larger the value of H, the closer the gas is to a uniform flow pattern, and the longer the particles will remain at rest with respect to the gas.
To investigate which impact parameters lead to collisions, we vary the initial impact parameter p in steps of 10 −4 R between zero and 0.01R, and then by steps of 0.01R up to the planetesimal radius R. Fig. 2 shows a representative example of trajectories for dust particles with different impact parameters.
While particles with small impact parameters collide with the proto-planetesimal, beyond a certain value of p = p max (< R) the particle will be deflected around the proto-planetesimal, and impacts cease to occur. The maximum impact parameter, p max , that leads to a collision is related to the effective sweep-up cross section σ eff by: 
The influence of the flow pattern on the sweep-up cross section
For the entire set of 16000 simulations, we find the outcome depends only on the dimensionless parameter:
This parameter x is the ratio of the hydrodynamical time scale for flow past the proto-planetesimal, t p = R/v ∞ , and the particle stopping time, t s . Note that x is equal to the reciprocal of the dimensionless stopping time (c.f. ST03). We prefer to use x here because it characterises the strength of the deflection by the flow for a particle with a given t s . As x increases, so does the particle deflection, eventually reaching a point where the particle no longer collides with the proto-planetesimal and the effective sweep-up cross section goes to zero. Conversely, as x → 0, the influence of the gas flow on the particle becomes insignificant, and the resulting effective cross section reduces to the geometrical cross section. When x > 0.8, we observe that σ eff /σ geom < 10 −4 , and we therefore consider it to be zero. As such, for x > 0.8, the deflection of dust particles is substantial enough to entirely prevent impacts onto the proto-planetesimal, and the particles are instead advected around it. That collisions cease for x < 1 means slightly less than one stopping time is required for the flow to deflect a particle around the proto-planetesimal. Fig. 3 demonstrates how the effective sweep-up cross section varies with the parameter x. The open points are taken from our simulations, while the dashed line plots the function which bestfits the data points. This function is given by
where σ geom = πR 2 is the geometrical cross section. The function D σ (H) accounts for the dependence of the effective cross section (i.e. the amount of deflection) on the starting distance H from the surface of the proto-planetesimal.
Although Eq. (25) typically fits the simulation results to within 10% difference, it does not reproduce the effect that particles no longer impact the proto-planetesimal for x > 0.8 := x cutoff . We therefore suggest the following form for the best-fit function: . Above x > x cutoff , the simulations show that particles no longer impact the proto-planetesimal. In this regime, the best-fitting function overestimates the sweep-up cross section.
If a dust particle starts very close to the proto-planetesimal surface, i.e. H 1, the flow does not have a significant opportunity to deflect the particle and the sweep-up cross section is then very close to the geometrical cross section. Comparing simulations with different values of H, we find:
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The maximum deviation of Eq. (27) from the simulation results is 10%, although the typical deviation is only ∼ 2%. For H > 100, the function D σ (H) 4. This behaviour is physical: In Sect. 1 we calculated that the viscous, laminar flow pattern reaches a gas velocity of 98% the upstream velocity v ∞ at a distance of 100 R. That the function D σ (H) is constant beyond H = 100 therefore originates from the gas velocity being effectively constant in this regime.
In a protoplanetary disk, it is reasonable to assume that the collision timescale for small dust is long enough that the particles have spent several stopping times in the gas flow, and they are at rest with respect to the gas as they approach the protoplanetesimal. Thus, one can safely choose the asymptotic value D σ (H) = 4 when applying Eq. (25) to a sweep-up growth scenario.
If one wants to consider the influence of turbulence on particle velocities, then one might need to consider small values of of H and D σ (H) < 4. However, this means the particle is not initially at rest with respect to the gas flow, nor travelling parallel to the flow axis, and this is beyond the scope of the current study.
The influence of the flow pattern on the impact velocity
Here, we summarize the effects that we observe for the flow pattern on the measured impact velocity v imp = |v imp | of dust particles onto the proto-planetesimal. From Eq. (1), the gas velocity in the perturbed region steadily decreases as a particle approaches the proto-planetesimal surface. Directly at the surface, the gas velocity is zero. The reduced gas velocity exerts a drag force on approaching dust particles, thereby reducing their impact velocity.
In our simulations, we find the impact velocity to be virtually independent of the impact parameter -under the condition that the chosen impact parameter leads to a collision at all. In the following, we therefore take the average of the impact velocities, weighted by the impact parameter p, over all impact parameters that lead to collisions and refer to it as the impact velocity v imp . 
Eq. (28) describes that particles with small x will impact the proto-planetesimal with velocity equal to v ∞ . The impact velocity decreases with increasing x because the drag that brakes the particles also increases with x. Eq. (28) fits the simulation results to better than 10% and, as with Eq. (25), Eq. (28) is only applicable for x < x cutoff because an impact velocity is ill-defined for particles that do not impact the proto-planetesimal. Schräpler & Blum (2011) find that large dust particles are prone to erosion by the impact of smaller particles in a process that has become known as monomeric erosion. More specifically, they find the mass loss of the target scales linearly with the impact velocity of the monomers, and that the process can result in losses of up to ∼ 10 × the mass of the impactor.
We find that a flow around proto-planetesimals reduces the impact velocity of small dust particles (i.e. large x, all else being equal), and thus will have the consequence of reducing the efficiency of monomeric erosion. In the extreme limit of x > x cutoff , the flow entirely prevents impacts and thereby also monomeric erosion. Thus, if a proto-planetesimal grows large enough that a hydrodynamical gas flow develops around it, it can become partially shielded against erosive high velocity impacts.
Dependence of the results on the Reynolds number
From Eqs. (13), (14), and the range of values for R and v ∞ in Table 1 Eq. 1 assumes Re 1, and is therefore strictly valid only in this regime. Meanwhile, experimental results affirm that the flow streamlines upwind of a sphere remain remarkably similar to Eq. (1) for Reynolds numbers Re 22 (e.g. Taneda 1956 ; Van Dyke 1982 and references therein). At larger Reynolds numbers however, the flow pattern downstream of the sphere qualitatively changes as the flow separates and vortices begin to form.
As we are only concerned with the sweep-up of dust particles on the upstream side of the proto-planetesimal, the application of Eq. (1) is thus expected to accurately describe the deflection of particles even when Re 1.
In an attempt to quantify this expectation, we examined two additional analytical approximations for viscous flow past a sphere, described in detail in Van Dyke (1964) , and which explicitly depend on the Reynolds number. The first approximation, due to Oseen, accounts for the convective terms of the full Navier-Stokes equations (which Eq. 1 ignores) via linearisation. However, this approximation suffers from the issue that the velocity at the surface of the sphere depends on a term O(Re). In contrast, Eq. (1) correctly predicts zero velocity at the surface of the sphere.
The second, which we refer to here as "Proudman and Pearson's two-term approximation" (Proudman & Pearson 1957;  "PP's approximation" for short), is derived with the region near the sphere in mind, and preserves a zero velocity at the surface. Indeed, in the immediate vicinity of the sphere, this approximation does a remarkable job of matching experiment, even for Re > 22 (Van Dyke 1964, p. 160). The trade-off, however, is that the velocity far from the sphere can significantly exceed v ∞ when Re > 1 and, in general, does not return to a uniform flow (as do Eq. 1 and Oseen's approximation). Consequently, particles can be accelerated beyond v ∞ , impacting the proto-planetesimal with v imp /v ∞ > 1.
Although both approximations are strictly valid only for small Reynolds numbers, because of their explicit dependence on Re, we apply them here to provide some intuition on the behaviour of particle accretion when Re > 1. Furthermore, as our results strongly depend on the conditions in the immediate vicinity of the proto-planetesimal, and Oseen's approximation does not recover a zero velocity at the surface of the protoplanetesimal, we choose to henceforth discuss only PP's approximation.
Relative to PP's approximation, we expect simulations applying Eq. (1) to progressively overestimate the deflection of dust particles as Re increases. Indeed, additional simulations run using PP's approximation demonstrate that x cutoff increases linearly with Re. In other words, as the relative importance of inertial forces increase, all else being equal, a successively smaller stopping time is required for a particle to be deflected around the proto-planetesimal.
Similarly, the additional simulations show that D σ (H) and D v decrease with increasing Re before asymptoting to small but non-zero [O(10 −1 )] values for Re 15. This manifests as an upward shift of the curves in Figs. 3 & 4 and, as with x cutoff , this illustrates that the amount of particle deflection decreases with increasing Re.
In regards to the accuracy of using Eq.
(1) when Re 1, we observe that x cutoff , D σ (H), and D v match the results from PP's approximation for Re 0.1. Moreover, these variables agree with PP's approximation to within 50% for Re ≤ 1, and within a factor of two for Re ≤ 2. Beyond Re = 2, notwithstanding the variation of x cutoff , D σ (H), and D v , the results applying Eq. (1) remain qualitatively correct with respect to PP's approximation. Thus, Fig. 5 depicts where in our parameter space the results of Stokes' and PP's approximations agree to within a factor of 2 (dark grey), and where these approximations still qualitatively agree (light gray).
That said, keep in mind that the additional approximations considered here are derived under the assumption of small Re, and thus the above trends are at best estimates. It should also be noted that the effects of Re on x cutoff , D σ (H), and D v can at least be partially explained by the locally enhanced particle velocities (relative to v ∞ ) observed when using PP's approximation. Direct numerical simulations of subsonic, laminar flow past a protoplanetesimal are needed to verify these results, and this is left to future work.
1 .
Hydrodynamical effects on the reaccretion of collisional debris
If a dust aggregate collides with a proto-planetesimal and the collision velocity is large enough, the aggregate will be disrupted into fragments. Debris of the particle can then re-enter the gas flow around the proto-planetesimal. In the literature, the question has been raised whether the gas flow can return such fragments to the surface of the proto-planetesimal, and thereby increase the efficiency of sweep-up growth (Wurm et al. 2001 (Wurm et al. , 2004 Sekiya & Takeda 2003 . In this section, we attempt to address the escape of collisional debris from an impact site by launching dust particles directly from the surface of the proto-planetesimal into the flow pattern with random directions.
3.1. On the free molecular flow and straight trajectories Sekiya & Takeda (2003) find that the gas can return collisional debris to the proto-planetesimal surface in the free molecular flow. The term free molecular flow describes the situation where the proto-planetesimal radius is comparable to or smaller than the mean free path of the gas. The possibility of averaging over the random thermal motion of the gas particles is then no longer available, and the fluid has instead to be described by the motion of individual particles.
Even in free molecular flow, the transformation into the rest frame of the proto-planetesimal induces an apparent macroscopic motion of the gas, namely the headwind. ST03 assume the gas motion can then be described by straight, parallel streamlines that intersect with the proto-planetesimal.
However, the thermal motion of the gas will be superimposed on the ordered headwind. From the temperature profile Eq. (3), the mean thermal speed of gas molecules in the disk is then:
At 1 AU, the random thermal motion outweighs the headwind velocity of v ∞ ≈ 24 m s −1 (20 m s −1 ) by a factor of 40 (48), and by a factor of 20 (28) within the inner 14 AU (8 AU) of the disk for the Desch (MMSN) model. Clearly, the ordered macroscopic motion of the headwind will disappear under the random thermal motion of the free molecular flow, and thus parallel stream lines are not physically applicable in this context.
However, if we launch dust particles from the surface of the proto-planetesimal into a flow pattern of parallel stream lines, then we do reproduce the result of ST03, namely that parallel streamlines lead to reaccretion of collisional debris on the upstream side of the proto-planetesimal.
Reaccretion in a viscous laminar flow
We also launched collisional debris from the surface of the protoplanetesimal into the laminar flow pattern of Eq. (1) with multiple ejection velocities and angles in the range 0 ≤ α ≤ π.
Independent of the ratio between headwind velocity and the ejection velocity of the collisional debris, we find virtually no reaccretion, in agreement with the findings of ST03. In our simulations however, we observe a maximal fraction of ∼ 10 −3 of particles return to the proto-planetesimal surface. These re-impacts only occur for angles nearly tangential to the proto-planetesimal surface, and it is our opinion that they are the result of limited numerical precision and thus, physically, no reaccretion occurs. Fig. 6 shows a representative example of the possible trajectories for collisional debris. Plotted are the trajectories of four dust particles that leave the proto-planetesimal surface with the same initial location, direction α, and ejection velocity (2 m s −1 ), but with different stopping times.
Particles with small stopping times only escape into the fluid layers just above the proto-planetesimal surface before being deflected (trajectories 1 and 2). Since the gas flows around the proto-planetesimal, and the particles are dragged with it, they are not returned to the surface.
Particles with a larger stopping time that are ejected against the headwind can reach the region upstream of the protoplanetesimal where the gas velocity points towards the protoplanetesimal. In this region, the particle direction is reversed by the gas flow and it then approaches the planetesimal (trajectory 3). However, because the direction has been reversed, the particle stopping time must consequently still be relatively small. In our simulations, stopping times that lead to a reversal of direction in front of the planetesimal also lead to a complete deflection of the particle and thus no reaccretion.
For particles with even larger stopping times (trajectory 4), the dust particles leave the collisional cross section of the protoplanetesimal before their motion is reversed.
In all four cases above, the ejected particles do not collide with the proto-planetesimal, and reaccretion does not occur. 
Discussion & conclusions
We have examined a number of issues related to the effects of hydrodynamical gas flow around proto-planetesimals, with an interest in the consequences for coagulation efficiency, expanding upon the work of ST03. By numerically integrating the trajectories of dust particles in the gas flow described by Eq. (1), we have quantified how these particles are deflected and their impact velocities affected. We have also studied whether reaccretion of collisional debris remains possible in the presence of a laminar hydrodynamical flow.
We have found that small particles that would impact the proto-planetesimal in the absence of a flow pattern can instead be deflected by the streaming gas and pass over the rim of the proto-planetesimal, avoiding a collision. Even if an impact occurs, the gas flow can decrease the relative velocity between the small particle and the proto-planetesimal, leading to generally less disruptive collisions. These effects are mostly important in a sweep-up scenario, occurring in the regime between small dust aggregates and larger proto-planetesimals, as studied by, e.g., Xie et al. (2010) ; Windmark et al. (2012a) .
Our model is valid for spherical, non-rotating protoplanetesimals with radii 250 m, and within 8 AU of the central star in a MMSN disk, 14 AU in a Desch (2007) 
The results of our model are summarized as follows:
-Sect. 2: The amount of deflection or deceleration experienced by a dust particle as a result of the flow pattern around a proto-planetesimal is purely a function of the parameter x = R/(v ∞ t s ), where R is the radius of the proto-planetesimal, t s is the dust particle stopping time, and v ∞ is the headwind velocity of the disk gas. -Sect. 2.1-2.3: The flow of disk gas around a protoplanetesimal reduces the effective cross section with which it can sweep up dust particles from the surrounding gas. For a spherical proto-planetesimal, the effective cross section is easily parameterized (Eq. 25). When x > x cutoff = 0.8, dust particles no longer impact the proto-planetesimal, and sweep-up is impossible. This corresponds to a dimensionless stopping time of 1.25, in rough agreement with ST03. For example, a proto-planetesimal with a radius R = 100 m at 5 AU would, in a MMSN (Desch) type disk with a headwind velocity of v ∞ = 20 m s −1 (24 m s −1 ), have its effective cross section reduced by half (i.e. x 0.17 when D(H) = 4) for collisions with particles of stopping time t s ∼ 30 s (25 s), corresponding to a particle size of 0.5 µm (4 µm). Particles of stopping time t s 6.2 s (5.2 s) would not collide with the proto-planetesimal at all (x ≥ x cutoff ), corresponding to particle sizes of 0.1 µm (0.9 µm). -Sect. 2.4: The flow pattern reduces the impact velocity of small dust particles onto the proto-planetesimal, and this effect can be parameterized with Eq. 28. The reduced impact velocity decreases the erosion efficiency, and could result in enhanced sticking. -Sect. 3.1: A flow pattern of parallel stream lines in free molecular flow leads to enhanced reaccretion, in agreement with ST03. However, because the random thermal motion of gas molecules in the disk will dominate over the headwind, parallel streamlines are not physically justifiable for a protoplanetesimal with radius comparable to the mean free path of the gas. -Sect. 3.2: A laminar flow pattern around a spherical protoplanetesimal does not result in an enhanced reaccretion rate, in agreement with ST03. In the cases studied here, collisional debris of different stopping times is either sufficiently deflected by the flow to be advected past the protoplanetesimal, or moves beyond the effective cross section before it can be reaccreted.
The adopted flow pattern, Eq. 1, is strictly valid only for Re 1, but should provide accurate quantitative results for the sweep-up of dust particles by a spherical proto-planetesimal if Re 2 (Sect. 2.5). A relatively simple flow pattern was chosen here to provide a straightforward approximation of the effects of laminar hydrodynamic flow on the accretion of dust particles. Of course, the dependence of the flow pattern on the Reynolds number influences the results, and while we have explored three analytical approximations (Stokes, Oseen, and Proudman & Pearson), only full hydrodynamical simulations of the Navier-Stokes equations over the broad parameter space presented here can definitively determine the effects. These simulations will be the subject of future work.
Additional and obvious refinements to our model would encompass surface irregularities, velocity shear of the disk gas, and a non-spherical or rotating proto-planetesimal. Although a non-spherical, or rotating proto-planetesimal, or a shear velocity could produce significant differences in the hydrodynamical flow pattern (e.g. Kurose & Komori 1999; Ormel 2013) , we expect that surface irregularities of planetesimals will introduce only minor differences.
For proto-planetesimals of size R ∼ 100 m at 5 AU, our results predict that hydrodynamical deflection and deceleration will considerably reduce the effect of monomeric erosion (Schrä-pler & Blum 2011) . Meanwhile, the detailed consequences of including the reduced sweep-up cross section and impact velocities into a dust growth code are not easily predicted. The relatively low Reynolds numbers (≤ 22) used in this study prevent us from generalising to larger proto-planetesimal radii at low heliocentric distances, and therefore to larger dust particle stopping times. Even when considering the results of ST03 (Re = 50 and cut-off point x ∼ 3), the high Reynolds numbers at low r in the Desch & MMSN disk models (> 3000; Fig. 5 ) make it difficult to predict what effect a ∼ 100 m size body might have on the deflection and deceleration of dust particles at r ∼ 1 AU. This further underscores the need for direct numerical simulation of dust particle sweep-up at high Reynolds numbers.
This study has sampled a broad parameter space and demonstrated that a hydrodynamical gas flow can significantly affect the ability of a proto-planetesimal to sweep-up smaller particles. To further quantify these effects, Eq. (25) for the effective sweepup cross section and Eq. (28) for the impact velocities must be implemented into a dust coagulation code which treats sweepup growth. In this regard, the appropriate value of D(H) to use in coagulation models is the asymptotic limit of 4 (i.e. the dust particles are already well-coupled to the gas flow).
